An alternative neutrino oscillation process is presented as a counterexample for which the neutrino may have nil mass consistent with the standard model. The process is developed in a quantum trajectories representation of quantum mechanics, which has a Hamilton-Jacobi foundation. This process has no need for mass differences between mass eigenstates. Flavor oscillations and ν,ν oscillations are examined.
Introduction
In the standard model, the neutrino, ν, has nil mass since right-handed neutrinos do not exist in that model [1] . On the other hand, the Pontecorvo, Maki, Nakagawa, and Sakata (PMNS) theory of neutrino oscillation requires mass differences among the participating neutrino's mass eigenstates whose superpositions determine the particular neutrino flavors [2] [3] [4] . The mass difference of the mass eigenstates induces them to travel at different rates causing their superpositions to evolve resulting in flavor oscillation. This implies that in the neutrino only one particular mass eigenstate, at most, may have nil mass. It follows under PMNS that all other mass eigenstates must have distinct finite masses. While PMNS theory is sufficient to explain flavor oscillation, is it necessary? Its explanation is extra to the standard model. Experiments have not eliminated the possibility of neutrinos with nil mass. We herein present an ab initio mass-neutral counterexample, for which mass may be nil, showing how nil-mass neutrinos may oscillate.
The counterexample is set in the quantum trajectories representation of quantum mechanics couched in a quantum Hamilton-Jacobi (HJ) formulation [5] [6] [7] [8] [9] [10] [11] [12] . Quantum trajectories, given by Jacobi's theorem, have provided insight into entanglement phenomena including nonlocal quantum trajectories of dichromatic particles and of photons in the near field of a quantum Young's diffraction experiment [12, 13] . This investigation considers that the neutrino's wave function, ψ, may have a dichromatic spectrum that would induce a nonlocal propagation with periodicity. A monochromatic spectrum would manifest linear (rectilinear) motion for the neutrino that would preempt entanglement. The quantum reduced action (Hamilton's quantum characteristic function) for a neutrino with a dichromatic spectrum is explicitly shown to contain entanglement information between the two spectral components. A quantum reduced action with entanglement information permits a quantum trajectory to be nonlocal. The nonlocality warps the quantum trajectory into alternating segments of temporally forward motion and temporally retrograde motion. Such warping is typical of quantum trajectories of dichromatic particles [12] . A retrograde segment represents a Majorana antineutrino,ν, traveling in a temporally forward direction in a Stueckelberg manner [14] . The transitions of the quantum trajectory between the interlaced forward and retrograde segments take place at local temporal extrema where ν,ν-pair creations or annihilations occur. These local temporal extrema facilitate ν,ν-oscillations. The quantum trajectory for the dichromatic neutrino is shown to exhibit ν,ν-oscillations independent of superposing mass eigenstate. The quantum reduced action for a dichromatic neutrino is shown to evolve on individual segments of the quantum trajectory in a manner that permits charged current interactions to create charged leptons of different flavors at different positions along the segment. This manifests flavor oscillations that do not need any mass differences between its PMNS mass eigenvalues. Furthermore, flavor oscillations support a nil mass for neutrinos of any flavor. Again, nil mass neutrinos are consistent with the standard model. Section 2 develops the formulation for relativistic quantum trajectories of dichromatic neutrinos. The subsequent quantum trajectories give insight into ν,ν-oscillations. The neutrino that has ν,ν-oscillations is shown to be associated with a dichromatic ψ. Entanglement between the two spectral components of the neutrino is shown to be the key. We investigate in §3 the quantum trajectory for an entangled 2.5 GeV neutrino with finite mass that has near luminal propagation. We examine the ν,ν-oscillations. In §4 the flavor oscillations are examined. Section 5 presents the findings, conclusions, and discussions. Appendix A presents a brief outline for a corresponding ψ representation of flavor oscillation for massless neutrinos.
Formulation
Matone [15, 16] and Faraggi [17] have shown that the applicable relativistic quantum stationary HamiltonJacobi equation (RQSHJE) for the neutrinos has the same form as the classical quantum stationary HamiltonJacobi equation (CQSHJE). The RQSHJE for the relativistic case may be given in one-dimension q for a neutrino of mass m by [17, 18] ∂W ∂q
where W is the relativistic quantum reduced action (Hamilton's relativistic quantum characteristic function), which is a generator of the quantum motion. And W ; q is the Schwarzian derivative of W with respect to q and is given by
The Schwarzian derivative contains the quantum effects and turns the RQSHJE into a third-order nonlinear differential equation that requires more constants of the quantum motion than the relativistic classical stationary HJ equation, which is a first-order nonlinear differential equation [6] . A general solution for W of Eq. (1) is given within an integration constant by [7, 9, 10, 12, [15] [16] [17] [18] [19] [20] [21] [22] W (q) = arctan
where {θ,θ} is a set of independent, real solutions of the associated one-dimensional stationary Klein-Gordon equation (SKGE) for neutrinos given by [17] 
Equations (1) and (3) remain well posed should m = 0 in agreement with the standard model. The coefficients {A, B, C, D} are constants that here can be restricted to real constants and are normalized by [22] AD − BC = 1.
The Wronskian W is normalized so that
The normalization, ( c) −2 , of the relativistic Wronskian, Eq. (5), replaces the analogous normalization, 2m/ 2 , of the nonrelativistic Wronskian [7, 20, 21] . (The quantum trajectory representation of quantum mechanics uses a Wronskian normalization while the ψ-representation uses a Born probability normalization.) The coefficients {A, B, C, D} are specified by its normalization, Eq. (4), and the initial values for quantum reduced action, {W, ∂ q W, ∂ 2 q W }| q=q0 at an initial point q 0 analogous to those for the CQSHJE, [6] [7] [8] 10] . Unnormalized coefficients also must obey AD − BC = 0, otherwise by the principle of superposition Aθ(q) + Bθ(q) and Cθ(q)+Dθ(q) would be redundant and consequently W (q) would be a constant which is forbidden [8, 10] . The general solutions of the RQSHJE and the SKGE imply each other as has been shown elsewhere for the analogous CQSHJE and Schrödinger equation [8, 19] . One can always find a set {ϑ,θ} of independent solutions for the SKGE for which the coefficients B, C = 0 by setting ϑ = Aθ + Bθ andθ = Cθ + Dθ. Thus, the quantum reduced action, Eq. (2), may alternatively be expressed as W = arctan[ϑ(q)/θ(q)] by the principle of superposition for the linear SKGE.
As the conjugate momentum, ∂ q W , is not explicitly in the RQSHJE, Eq. (1), it is also a solution of the RQSHJE. The general form of the conjugate momentum is represented consistent with Eqs. (1) and (4) by
(6) As the denominator in Eq. (6) is always positive, as ∂ q W always has the same sign as W(θ,θ), and as ∂ q W is never nil, ∂ q W is consistent with W (q) being a monotonic function [10] .
The equation of relativistic, quantum motion is derived by Jacobi's theorem (an HJ transformation equation that provides the HJ constant coordinate τ conjugate to HJ constant momentum E) and is given by Jacobi's theorem
where t is time, τ is the constant coordinate that sets the epoch, E, and W E is analogous to the Wronskian where differentiation is with respect to E instead of q. Equation (7) also renders the one-dimensional quantum trajectory. Analogous to non-relativistic quantum mechanics [5, 12, 13] , the relativistic quantum motion generated by Eq. (7) may be nonlocal (quantum mechanics is nonlocal). The particular form for W and ∂W/∂q, using Eqs. (2) and (6), can develop an eigenfunction, ψ, of the associated SKGE given by [12] 
For the neutrino of energy E, the set of solutions necessary and sufficient to solve the SKGE is given by {θ,θ} = {sin(kq), cos(kq)} where k = (E 2 − m 2 c 4 ) 1/2 /( c) (note that k remains well posed should m = 0). The generator of the motion for the neutrino is the quantum reduced action where Eq. (2) may be re-expressed for neutrinos for the general solution of the RQSHJE as
or alternatively by [23] sin ( 
The general spectral resolution of the neutrino wave function ψ may be found by reversing Bohm's algorithm for and only for complex wave functions [24] , where W = arctan{ [ψ]/ [ψ]} and where W is well posed (i.e., AD − BC = 0). The neutrino, whose ψ is given by Eq. (8), has a dichromatic spectrum described by
The spectral coefficients of Eq. (11) are normalized by AD − BC = 1, Eq. (4), consistent with the RQSHJE. For completeness, the relationships between the different sets of coefficients is given from Eq. (11) by
and its inverse by The dichromatic spectral components are coherently entangled within the neutrino's quantum reduced action. The neutrino's generator of quantum motion must consider the neutrino's entire spectrum as represented by Eq. (9) . The dichromatic components a +k exp(+ikq) and a −k exp(−ikq) in Eq. (13) explicitly are not individually associated with any particular neutrino mass eigenstate nor any particular a +k exp(+ikq) flavor. Rather, the spectral components a +k exp(+ikq) and a −k exp(−ikq) represent respectively the would-be incident wave and would-be reflected wave due to a weak force interaction if the components were unentangled. The spectral resolution represents the entangled neutrino with flavor oscillation. For completeness, this dichromatic ψ is reminiscent of a bipolar ansatz of quantum trajectories [5, 10, 25] .
In general, the neutrino's quantum reduced action does not render linear motion in time [12] . We briefly discuss how it can generate linear motion using the spectral coefficients of Eq. (11). The conjugate momentum, ∂ q W , for the neutrino may be evaluated by substituting {θ,θ} = {exp(+ikq), exp(−ikq)} of Eq. (11) into Eq. (7). Likewise, with the aid of various trigonometric identities and the normalization for coefficients, Eq. (4), ∂ q W for the neutrino may be expressed in general by
which also is another solution for to the RQSHJE as W does not explicitly appear in the RQSHJE. For A = D = 1 and B = C = 0, then ψ is monochromatic with Eqs. (11) and (14) implying linear motion. The denominator on the right side of Eq. (14) is again never nil consistent with W being monotonic.
Let ϕ be a phase shift. There is a class of sets of initial values, e.g. {W, ∂ q W, ∂ 2 q W }| q=0 = { ϕ, k, 0} for which the corresponding coefficients are given by trigonometric identities A, D = cos(ϕ) and B = −C = sin(ϕ) [26] . The consequent neutrino's quantum reduced action would be linear, W = kq + ϕ. Its wave function would be a monochromatic wave function, ψ ∝ exp(ikq + iϕ) representing a linear propagation with phase shift ϕ.
Neutrino-Antineutrino Oscillations
We consider a neutrino's ψ that has a dichromatic spectrum whose spectral coefficients are given by a +k = α and a −k = β exp(iφ) where α and β are real, positive amplitudes of the spectral coefficients. We arbitrarily choose α > β so that W would monotonically increase with increasing q. Had we chosen β > α, then W would monotonically decrease with increasing q. Choosing the values α = β renders a W that is not well posed because then AD − BC = 0 and Bohm's algorithm [24] would not be applicable (for bound states where ψ is real, see Refs. 7, 10, 19, or 25. The two spectral components are entangled within the quantum reduced action for the neutrino. This quantum reduced action is given by Eqs. (12) and (13) as
The normalization of coefficients of Eqs (15) and (16) using Eq. (4), is AD − BC = α 2 − β 2 = 1. Note that B = C in Eq. (16) resolves the redundancy of the coefficients, and a unique quantum reduced action is specified by
. If the two spectral components had not been entangled but represented two independent anyons and even if φ = 0, then by Eq. (17) the sum of their independent quantum reduced actions would still not equal the quantum reduced action of the neutrino with identical dichromatic spectrum. The dichromatic quantum reduced action inherently contains the entanglement information between the two spectral components. The inherent entanglement of a dichromatic quantum reduced action as the generator of motion for a neutrino facilitates the possibility of nonlocal motion [12] . Had there been no entanglement, then W a +k and W a −k of Eq. (17) would respectively represent the latent rectilinear incident and latent rectilinear reflected quantum reduced actions.
The conjugate momentum, Eq. (6), is given for the neutrino with a dichromatic spectrum by [7, 12] 
Note that the denominator on the right side of Eq. (18) is the law of cosines if φ = 0, ±2π, ±4π, · · · . It follows that ∂W/∂q > 0, which is consistent with W never being a constant [8, 10] . Also, the conjugate momentum for the dichromatic neutrino is not a constant, as would be so for linear motion, for the denominator on the right side of Eq. (14) is modulated by the term 2αβ cos(2kq − φ). This variable conjugate momentum with modulation is due to the entanglement between the two spectral components [12] . As developed elsewhere by a nonrelativistic analogy [12] , this particular form for W and ∂W/∂q may be linked with an eigenfunction of the associated SKGE that is a Wronskian-normalized dichromatic wave function, ψ. The solution, ψ, to the SKGE has compound modulation and may be expressed in alternative form [7] by
W/ , wave-length modulation [7] 
The amplitude and wave-length modulations are not independent of each other. The neutrino's wave function, Eq. (19), inherently contains the entanglement information of its quantum reduced action and of its conjugate momentum. If the dichromatic spectrum represented two unentangled anyons, then their wave functions would be represented by
The pair of independent anyons would then fly apart as one anyon, ψ +k , would then move in an increasing q direction and whose position would be denoted by q +k ; then the other, ψ −k , in a decreasing q direction with position q −k . Their combined wave functions for un-entanglement would then be (19) . This is the wave function analogue of Eq. (17) for the quantum HJ representation. The anyons (spectral components) individually represent neither any particular neutrino mass eigenstate nor any particular neutrino flavor. Jacobi's theorem is used to determine the relativistic equation of quantum motion [7, 9, 10, [15] [16] [17] . As Jacobi's theorem also determines the equation of motion in classical mechanics, the applicability of Jacobi's theorem transcends the division between classical and quantum mechanics to give a universal equation of motion [27] . Jacobi's theorem parameterizes time in the relativistic equation of quantum motion as
where τ epoch is the HJ constant coordinate (a nontrivial constant of integration) that specifies the epoch and where t c is the time needed to transit the distance q by light in a vacuum. Let us herein set τ epoch = 0.
The relativistic factor H R is a function of E and m, but not of the variable q. The relativistic factor for GeV neutrinos may be approximated by Eq. (20) as
where (m 4 c 8 /E 4 ) 1. For GeV neutrinos, it is expected that |1 − H R | < 10 −16 even for the greatest mass eigenstate of PMNS theory. In the standard model [1] , the neutrino mass is nil rendering lim m→0 H R = 1.
The entanglement between the spectral components, Eq. (11), is manifested in the quantum trajectory by the cosine term in the denominator of Eq. (20) analogous ∂ q W , Eq. (14) . This entanglement remains in Eq. (20) no matter how large q becomes. The quantum factor, H Q (q), has extrema at
or
The entanglement information embedded in H Q induces the quantum trajectories to swing between local maximum and minimum times of propagation [12] . The quantum factor, H Q (q), has maxima given by
and minima given by
Note that H Q,max and H Q,min are functions of only the constant of the quantum motion β for α = +(1 + β 2 ) 1/2 . The extrema, H Q,max and H Q,min , describe an open wedge in the q, t-plane with its apex at the origin. The upper boundary of the wedge is given by
The lower boundary is given by
The wedge boundaries are asymptotes for the envelope (two caustics, upper and lower) of all quantum trajectories with fixed E and β but with variable phase shifts −π < φ ≤ +π. This wedge is denoted as the H Q wedge. The H Q wedge is interior to the envelope of all quantum trajectories. As q increases, the quantum trajectory alternates its osculations with its two bounding caustics.
The average for the quantum factor H Q of Eq. (20) for a given subset of constants of the quantum motion {E, β, φ} is given by averaging over all quantum trajectories, each specified by its third constant of the motion φ, that may pass through a given q. The average over φ over its range (−π, +π) is given by [28] < H Q (E, β, φ; q) > φ = 1 2π
normalized again by α 2 − β 2 = 1. Uniform φ-averaging over all quantum trajectories that may intercept q leads to an < H Q > φ = 1 even if H Q,max > 1. This result is consistent with other neutrino propagation results [15, 17, 29] confirming that the average H Q is consistent with the expected luminal propagation. The finding < H Q > φ = 1 of Eq. (26) is independent of q. Note that the summation (integration) over the set of quantum trajectories represented by Eq. (26) differs with Feynman summation for the propagator. Feynman summation does not sum over quantum trajectories.
For any caustic point (q caustic , t caustic ), there exists only one quantum trajectory specified by a phase shift −π < φ min ≤ +π that osculates with the caustic at that caustic point. At any other points (q interior , t interior ) interior to the bounding envelope, there exists two quantum trajectories described by different phase shifts that cross at that interior point. Thus, φ, as a constant of quantum motion, determines the spatial placement of ripples in W (q). In turn, the range of phase shifts, −π < φ ≤ π generates a temporal spread among the possible quantum trajectories at any q > 0. Figure 1 exhibits the quantum trajectories for an example where , c, m = 1 (natural units) and where the constants of the quantum motion are given by E = (π 2 /4 + 1) 1/2 (or alternatively by E's proxy k = π/2), β = 0.28, and φ = 0, π for natural units. While this β is many orders of magnitude too large to be representative of GeV neutrinos, it does render a good heuristic example of quantum trajectories for dichromatic particles. The quantum trajectories exhibit temporal turning points where the quantum trajectories alternately become temporally retrograde and forward. The entanglement between the two spectral components, Eq. (13), induces these transitions between temporally forward and retrograde motion. In turn, retrograde motion after a threshold time, t th , may induce nonlocality as exhibited on Fig. 1 where the quantum trajectory permits multiple particle positions, qs, for selected times, ts. The threshold time, t th , for a trajectory is the first local minimum time of the trajectory where it first transitions from retrograde to forward motion. As q increases, the turning points asymptotically approach the bounds prescribed for H Q , Eqs. (24) and (25) . The entwined quantum trajectories for φ = 0, π on Fig. 1 demonstrate the existence of trajectories with the same {E, β} but with different φs that intersect a particular q at different transit times, albeit trajectories also cross at interior q, t points. For completeness, these quasi-periodic meanderings on Fig. 1 asymptotically approach periodicity as q → ∞ [12] .
While early latent, temporally retrograde segments may be suppressed as shown by Fig. 1 , temporally retrograde segments are realized as q increases. Any finite β will induce nonlocality for sufficiently large q [12] . This may be shown by investigating the equation of quantum motion, Eq. (20) . Temporal turning points are smooth and exist where the reciprocal velocity, dt/dq, goes to zero. The behavior of the reciprocal velocity may be derived from Eq. (20) and given by
The conditions for a temporal turning point, dt/dq = 0, may be simplified to
As q may increase without bound in Eqs. (27) and (28), the 1/q term in Eq. (28) will decrease sufficiently to ensure the existence of temporal turning points for any finite β. The existence of temporally retrograde motion follows. For completeness, the conjugate momentum, Eq. (18), obeys ∂W/∂q > 0, α > β > 0, even when the quantum trajectory transits a local temporal extremum. Hence, the quantum reduced action is never a constant but always increases with q even on retrograde segments [8, 10] . The displacement in q between temporal turning point and its associated extremum of H Q , Eq. (22), which is given by the q −1 term in Eq. (28), gets less with increasing q. Still, the the quantum trajectory in the q, t plane firsts osculates with the caustic, next passes through the extrema in H Q , and then reverses its temporal direction at the temporal tuning point. These three points asymptotically converge. The set of constants of the quantum motion {E, β, φ} specifies the quantum trajectory, Eq. (20). The energy E is an input into the relativistic factor H R and through its proxy, k, determines the wavelength of the meanders of the quantum factor H Q by the distance, π/(2k), between successive maxima, Eq. (24), or successive minima, Eq. (25) . The apex angle of the open H Q wedge is a function of β. Consequently, β is an input to the duration of retrograde segments, if existing, of the quantum trajectory, Eqs. (24) and (25) . The phase, φ, determines the placement of the temporal retrograde segments within the quantum trajectory, Eqs. (24) and (25) . The two quantum trajectories exhibited on Fig. 1 for example have phase shifts that differ by π, which interchanges where their forward and retrograde segments occur. As the two trajectories are out of phase by π, their local temporal maxima and minima turning points are nearly co-located in q but not t. As q → ∞ this approximate co-location asymptotically approaches exact by Eqs. (24) and (25) .
There is an alternative Stueckelberg interpretation of segments of temporal retrograde motion [14] : such retrograde motion is the forward motion of an antiparticle, here an antineutrino,ν, moving forward in time. Under this interpretation, ν,ν-pair creations occur at the temporal turning points (local temporal minimum) associated with H Q,min while ν,ν-pair annihilations occur at the temporal turning points (local temporal maximum) associated with H Q,max .
The Majorana neutrino, ν is its own antineutrino,ν. The Majorana neutrino is a neutral left-handed fermion that as such interacts as a neutrino. On the other hand, Majorana antineutrino also has the same mass and one-half spin but is right-handed and so only interacts as an antineutrino. Under Majorana theory, it is only the handedness, left or right, that determines whether it be neutrino or antineutrino. All neutrinos are left-handed; antineutrinos, right-handed. All else (mass and half-spin) are the same for the neutrino and the antineutrino. The PMNS theory would require the neutrino and antineutrino to have different masses for a ν,ν-oscillation to exist. In contrast, the quantum trajectory, as exhibited on Fig. 1 , conserves mass by iso-mass ν,ν-oscillations at temporal turning points. This conservation of mass over the neutrino's quantum trajectory completes making the neutrino a Majorana fermion. The quantum trajectory of the Majorana neutrino as exhibited on Fig. 1 is continuous with interlaced ν-segments andν-segments. Thus, a Majorana neutrino may oscillate between acting as a Majorana neutrino and acting as a Majorana antineutrino without changing mass. Furthermore, the neutrino mass may be nil consistent with the standard model.
For similar exposition of neutrino behavior, Horwicz and Aharonovich [30] used Stueckelberg's covariant relativistic theory [31] to develop neutrino trajectories with retrograde segments due to relativistic rather than quantum causes. Horwicz and Aharonovich describe the interlacing of forward and retrograde trajectory segments to be neutrino oscillations.
Also the quantum trajectories of massless photons, in the quantum Young's experiment with internal interference between the contributions of the double slits, have been shown to exhibit temporal retrograde segments interspersed between forward temporal segments in the near field [13] . Hence, neutrinos under a quantum trajectory representation need not have a finite mass to exhibit oscillations. Again, if the neutrino mass is nil, then H R = 1 in the equation of quantum motion, Eqs. (20) and (21) .
The restrictions of Cohen and Glashow [32] are inapplicable herein. In the vicinity of the temporal turning points whereq becomes instantaneously infinite, Cohen and Glashow predict a loss of energy due to Cherenkov-like e − , e + -pair creation. The quantum trajectory is continuous through the temporal turning point where ν,ν-pair creations or annihilations occur instead of Cohen and Glashow e − , e + -pair creations. Cohen and Glashow had considered ν,ν-pair creations in the form ν µ → ν µ + ν e +ν 2 , but dismissed them reporting that neutrinos of all flavors propagate "at virtually the same value" [32] . For quantum trajectories, Faraggi and Matone developed the effective mass m Q given by [10] 
The conjugate momentum, Eq. (6) is always finite definite. For forward temporal motion, m Q is positive definite; for retrograde motion, m Q is negative definite; and at temporal extrema, m Q = 0 [12] . Therefore, pair creation at local temporal minima would not be an endoergic process. And pair annihilation at local temporal maxima would not be an exoergic process [12] .
Example
Let us examine the quantum trajectory of a 2.5 GeV neutrino to illustrate how oscillations develop for highenergy neutrinos with small β. We arbitrarily set β = 5 × 10 −7 and φ = 0 in Eq. (15) . The smallness of β generates a very narrow H Q wedge, Eqs. (20), (24) and (25) . With φ = 0, then the coefficients are given as
, B, C = 0, and
, and the spectral coefficients are given by Eq. (12) as
With these coefficients, the quantum reduced action simplifies to
Even with a small β = 5 × 10 −7 , a −k is still finite. This is sufficient for eventual nonlocal propagation as shown in this example's development.
The neutrino mass for any flavor for a 2.5 GeV neutrino has a negligible effect upon its quantum trajectory, smaller than 10 −18 . For 2.5 GeV and a neutrino rest mass of 2 eV, the neutrino would have a wavelength given by λ = hc(E 2 − m 2 c 4 ) −1/2 ≈ 495 am; for nil rest mass, λ ≈ 495 am also. While the quantum trajectory for a simulated neutrino with rest mass 2 eV and constants of the quantum motion E = 2.5 GeV, β = 5 × 10 −7 and φ = 0, is investigated herein, the results for nil mass neutrinos would differ relatively by only 10 −18 . Segments of its computed quantum trajectory are presented in Figs. 2(a), 2(b), and 2(c). Figure 2(a) shows the quantum trajectory for the first 2 wavelengths. To the eye, it appears to be a straight line, but it does have some microscopic quasi-periodic meanders within its bounding envelope approximated by the narrow H Q wedge. These meanders are insufficient to cause time reversals in Fig. 2(a) . Figure 2 (b) exhibits the quantum trajectory for 2 wavelengths beginning 80 000 wavelengths (q = 39.67 pm) from its origin at q = 0 and in the transition region where time reversals are about to begin to appear. The quasi-periodic meanderings of the quantum trajectory are apparent in Fig. 2(b) . The time coordinate (vertical axis) of Fig. 2(b) is t b = t − 68.93 zs while the distance coordinate (horizontal axis) is q b = q − 39.67 pm. Figure 2(c) shows the quantum trajectory at 100 km from its origin. Retrograde motion has now appeared. Segments of the quantum trajectory alternate between forward and retrograde motion with regard to q. Between segments, there exist smooth turning points near the upper and lower caustics of the H Q wedge where neutrino speed becomes instantaneously infinite for dt/dq → 0 at local temporal extrema points consistent with Eqs. (27) and (28) . Nevertheless, the neutrino speed remains integrable as substantiated by the existence of t, Eq. (20), as exhibited by Fig. 2(c) . The coordinates for 2(c) are q c = q − 100 km and t c = t − 333.6µs. Note that the time scale of Fig. 2(c) is much coarser, by a degree of 10 15 , than those of Figs. 2(a) and 2(b) . This accommodates the size of the durations of the temporally forward and retrograde segments. While not apparent in Fig. 2(c) , corresponding points on successive wavelengths advance in time about 1.654 ys consistent with Figs. 2(a) and 2(b) . Note in Fig. 2(c) that the temporal duration of the retrograde segments has increased to about 0.6671 ns. These durations are sufficiently large so that if 0 ≤ t c ≤ 0.6671 ns, then the projection of t c upon the quantum trajectory intercepts it at multiple values of q c , which exhibits nonlocality. Also, these durations will continue to increase with increasing q as the quantum trajectory proceeds out the open H Q wedge. The segments of the quantum trajectories between ν,ν-pair creations in the vicinity of H Q,min and ν,ν-pair (29) for rectilinear propagation, the corresponding RQSHJE would then have been reduced to first-order for its higher-order term W ; q would have been nulled out.
Flavor Oscillation
Neutrinos are only subject to the weak force, which is very short ranged, and to gravity. The neutrino travels unimpeded through vacuum and matter until it undergoes a weak force interaction, either a rare charged current interaction or the even rarer neutral current interaction. The neutrino is not observed directly but detected only by its interactions with matter. A charged current interaction requires that the antineutrino have sufficient energy (> 1.8 MeV) to create its corresponding charged lepton. The charged lepton, either electron, muon, or tau, created by a charged current interaction identifies the flavor of the neutrino, either ν e , ν µ , or ν τ respectively. The form of the charged current interaction is dependent upon the particular charged lepton created. So, a change of outcome of a charged current interaction for a neutrino as a function of its position q along its quantum trajectory can manifest an oscillation between neutrino flavors in the quantum trajectory representation. Linear propagation, β = 0 in Eq. (29) , would preempt flavor oscillation.
While ν,ν-oscillations occurred at temporal extrema as discussed in §3 and §4, flavor oscillations are dependent upon the evolution of {W (q), ∂ q W (q), ∂ 2 q W (q)} with q. The neutrino's quantum reduced action for any current or neutral interaction must maintain C 2 continuity over the range of any interaction to produce a post-interaction quantum reduced action of the partner charged lepton, for the RQSHJE is a third order differential equation. A classical precedent of maintaining C 2 continuity of the quantum reduced action while tunneling has already been presented [33] . Such interactions must also account for the quantum motion of the target charged lepton. The Mikheyev-Smirnov-Wolfenstein (MSW) effect [34, 35] may increase the interaction cross-section in dense matter. Let us consider an inverse beta decay (ν e + p → n + e + ) instigated by the 2.5 GeV neutrino whose trajectory was described by Fig. 2(c) . The 2.5 GeV neutrino acts as an antineutrino in a Stueckelberg manner on retrograde segments of the quantum trajectory exhibited on Fig. 2(c) and as a neutrino on the forward segments [14] . The antineutrino under Stueckelberg propagates forward in time on the neutrino's retrograde segment of the quantum trajectory, cf . Fig 2(c) . The antineutrino must assume aν e flavor while approaching the point q p on the "retrograde" segment to be able to initiate and consummate an inverse beta decay upon a proton located at q p . The amplitude, β of the a −k spectral coefficient is such to pre-empt any latent "reflection" at the initiation of the inverse beta decay. The entanglement between the dichromatic spectral components fully compensates for any would-be reflective reaction from the inverse beta decay. If β is sized so that β exp(−ikq) is a matching substitute for the would be reflected wave, then the interaction product is only the inverse beta decay. The antineutrino's quantum reduced action must maintain C 2 continuity throughout cosummating the inverse beta decay. The values of {W (q), ∂ q W (q), ∂ 2 q W (q)} at the start of the inverse beta decay must also be consistent with the quantum motion of the target proton. A neutrino propagating nonlinearly offers an evolving set of {W (q), ∂ q W (q), ∂ 2 q W (q)} that determines the flavor selection as a function of q. The quantum reduced action, W (q) described by Eq. (29) , for the 2.5 GeV (anti)neutrino evolves monotonically with periodic meanderings from linearity. Consequently, the conjugate momentum, ∂ q W (q), is not constant but evolves periodically as prescribed by
The conjugate momentum remains positive finite consistent with Faraggi and Matone [10] even during periods of retrograde quantum motion exhibited on Fig. 2(c) . The periodic evolution of ∂ 2 q W (q) is given by
Equations (18) and (29)-(31) describe the evolution of {W (q), ∂ q W (q), ∂ 2 q W (q)} for a C 2 continuous quantum reduced action. The values of {W (q), ∂ q W (q), ∂ 2 q W (q)} evolve with a common spatial periodicity given by the doubled wave number 2k. The values of {W (q), ∂ q W (q), ∂ 2 q W (q)} also determine the particular flavor as a function of q. The particular phase of the evolution of {W (q), ∂ q W (q), ∂ 2 q W (q)} is subject to the particular initial conditions {W, ∂ q W, ∂ 2 q W }| q=q0 necessary and sufficient to solve the RQSHJE, Eq. (1), uniquely. In the rare event when the values of {W (q), ∂ q W (q), ∂ 2 q W (q)} are compatible with quantum motion of the target proton, inverse beta decay happens. Again, should β = 0, then linear neutrino propagation would follow and flavor oscillation would be preempted.
Flavor oscillation occurs as the set {W (q), ∂ q W (q), ∂ 2 q W (q)} evolves with q among q = q e , q = q µ , and q = q τ where the (anti)neutrino assumes the properties of respectively the ν e , ν µ and ν τ . The specifications of the domains ∀q ∈ {q e }, ∀q ∈ {q µ }, and ∀q ∈ {q τ } are beyond the scope of this opus. The domains may be energy dependent and dependent upon the quantum motion of the target particle. The domains may be segmented and may overlap. The variables, q e , q µ , and q τ may be continuous or discrete. The union {q e } ∪ {q µ } ∪ {q τ } may neither span nor cover the domain of the (anti)neutrino's quantum trajectory.
Findings, Conclusions, and Discussions
Findings: By counterexample, a quantum trajectory process for a neutrino describes flavor oscillations and ν,ν oscillations that does not need any mass difference among the mass eigenstates of the neutrino. Nor does the process need a superposition of mass eigenstates. While PMNS theory implies mass and is extra to the standard model, an alternative mass-neutral theory for neutrino oscillations does exist.
Conclusions: Flavor oscillations independent of mass differences also implies that neutrino mass may be nil consistent with the standard model. The quantum trajectory model implies that the Majorana hypothesis for the neutrino-antineutrino pair is correct. Any finite deviation from linear propagation of the neutrino (e.g., β = 0) will induce flavor oscillations and, at some finite distance, ν,ν-oscillations.
Discussions: Spin did not play any direct role in the quantum trajectory description of neutrino oscillations. A quantum Hamilton-Jacobi analysis describes neutrino oscillations. The Dirac equation was also not needed. On the other hand, the PMNS description of neutrino oscillation also needed neither spin nor the Dirac equation.
The cost of the counter example, massless neutrinos, is the requirement that the neutrino be dichromatic. A monochromatic neutrino would imply rectilinear propagation with neither flavor nor ν,ν oscillations. As dichromatic neutrinos are permitted solutions in both the wave representation, Eq. (3), and the quantum Hamilton-Jacobi representation, Eq. (2) [12, 36] , the cost is only choosing the proper dichromatic solution.
This opus was developed in a quantum trajectories representation with an underlying quantum HamiltonJacobi foundation. The counter example presented herein, which explains flavor oscillations with massless neutrinos, is not an anomaly unique to the methodology of quantum trajectories. The counter example may also be derived in principle by wave mechanics as outlined in Appendix A.
In summary, a neutrino interaction entangles its incident spectral component with its Majorana reflected spectral component that has Stueckelberg retrograde motion. The resultant "self-entangled" neutrino propagates nonlinearly inducing oscillations and nonlocality until it interacts with matter where its quantum reduced action can maintain C 2 continuity throughout the interaction.
